The ratio R = dσ L /dσ T in heavy-quark pair leptoproduction as a probe of linearly polarized gluons in unpolarized proton 
Introduction and notation
It is well-known that the heavy flavor production in lepton-proton DIS offers direct probe of the gluon distributions in the proton. In particular, the transverse momentum dependent (TMD) density of the linearly polarized gluons inside unpolarized proton, h ⊥g 1 (ζ, k 2 T ), can directly be measured in heavy-quark pair electroproduction. This is because the density h ⊥g 1 (ζ, k 2 T ) is T -and chiral-even (contrary to its quark analogue, so-called Boer-Mulders function h ⊥q 1 (ζ, k 2 T ), which can only be detected in pairs with an other T -odd quantity).
The TMD distributions of polarized partons in unpolarized nucleon, h ⊥q 1 and h ⊥g 1 , have been introduced in Refs. [1] and [2] , respectively. In Refs. [3] [4] [5] [6] [7] , azimuthal correlations in heavy-quark pair production in unpolarized electronproton collisions as probes of the density h ⊥g 1 have been considered at leading order (LO) in QCD. 1 In particular, it was shown that the azimuthal cos ϕ and cos 2ϕ asymmetries are predicted to be large and very sensitive to the function h ⊥g 1 [7] . (Here ϕ is the heavy quark (or anti-quark) azimuthal angle.)
In the present paper, we study the contribution of linearly polarized gluons to the Callan-Gross ratio R = dσ L /dσ T in the reaction lN → l ′ QQX with unpolarized initial states, where dσ L (dσ T ) is the differential cross section of the γ * N → QQX process initiated by a longitudinal (transverse) virtual photon. Our analysis shows that the quantity R is expected to be large in wide kinematic ranges and very sensitive to the density h ⊥g 1 (ζ, k 2 T ). We conclude that the Callan-Gross ratio in heavy-quark pair production in DIS could also be good probe of the linear polarization of gluons in unpolarized proton.
In Refs. [3] [4] [5] , it was proposed to study the linearly polarized gluons in unpolarized nucleon using the heavy-quark pair production in the reaction
To describe this process, the following hadron-level variables are used:
where m is the heavy-quark mass.
To probe a TMD distribution, the momenta of both heavy quark and anti-quark, p Q and pQ, in the process (1) should be measured (reconstructed). For further analysis, the sum and difference of the transverse heavy quark momenta are introduced,
in the plane orthogonal to the direction of the target and the exchanged photon. The azimuthal angles of K ⊥ and q T (relative to the the lepton scattering plane projection, φ l = φ l ′ = 0) are denoted by φ ⊥ and φ T , respectively. Following Refs. [3] [4] [5] , we use the approximation when q
⊥ and the outgoing heavy quark and anti-quark are almost back-to-back in the transverse plane, see Fig. 1 . In this case, the magnitudes of transverse momenta of the heavy quark and anti-quark are practically the same, p
At LO, O(α em α s ), the only parton-level subprocess for the reaction (1) is the photon-gluon fusion:
where
The corresponding parton-level invariants are:
Production cross section
Schematically, the contribution of the photon-gluon fusion to the reaction (1) has the following factorized form:
is the amplitude for the hard partonic subprocess. The convolutions ⊗ stand for the appropriate integration and traces over the color and Dirac indices.
Information about parton densities in unpolarized nucleon is formally encoded in corresponding TMD parton correlators. In particular, the gluon correlator is usually parameterized as [2] 
where m N is the nucleon mass,
In Eq. (9), the tensor −g . In particular, the gluons are completely polarized along the k T direction at r = 1.
2
The LO predictions for the azimuth dependent cross section of the reaction (1) are presented in Ref. [4] as follows:
where N is a normalization factor, φ ⊥ and φ T denote the azimuthal angles of K ⊥ and q T , respectively. The quantities A i (i = 0, 1, 2) are determined by the unpolarized TMD gluon distribution,
depend on the linearly polarized gluon density, B
In the previous paper [7] , we have recalculated the cross section for the reaction (1) and our results for A i , B i and B (′) 1,2 do coincide with the corresponding ones presented in Ref. [4] . 3 In the present letter, we are interested in the Callan-Gross ratio and have to integrate Eq. (10) over the quark and anti-quark azimuthal angles. Taking into account that
2 The TMD densities under consideration have to satisfy the positivity bound [2] :
. 3 The only exception is an evident misprint in Eq. (25) in Ref. [4] . Note also a typo in Eq. (19) 
the production cross section has the following form at q
Here e Q is the heavy quark charge, while d 3 σ T and d 3 σ L are the transverse and longitudinal components of the differential cross section of the γ * N → QQX process. The quantity ε measures the degree of the longitudinal polarization of the virtual photon in the Breit frame [14] ,
The superscript (π) on the differential cross section d 5 σ (π) means that we perform integration over ϕQ only in region of | ϕ Q − ϕQ| ∼ π. The region of | ϕ Q − ϕQ| ∼ 0 is out of the scope of this paper.
The 
where the following notations are used:
The quantities A 0 and B 0 in Eq. (10) are related toB T,L andB h T,L defined by Eqs. (14) as follows:
The Callan-Gross ratio
One can see from Eq. (12) 
and the variables l z ,k 2 and λ are defined by Eq. (15). Our analysis shows that the function R (z, K 2 ⊥ ) has an extremum at l z = 1/4 andk 2 = λ + 1/4 (i.e. at z = 1/2 and K 2 ⊥ = m 2 + Q 2 /4). This maximum value is:
Eq. (18) implies that the maximum value of the ratio R at high Q 2 ≫ m 2 (i.e. for λ → 0) is large, about 2. The LO predictions for the quantity 
Our analysis shows that the function R h (z, K 2 ⊥ , r) has a maximum at z = 1/2 and K
for all values of r in the interval −1 ≤ r ≤ 1. We find
where r =
describes the degree of the linear polarization of gluons and ζ m = 2x (1 + 4λ).
The function R h (r) is depicted in Fig. 4 where its strong dependence on the variable r is seen. In particular, R h (r) vanishes for r = 1 because the longitudinal component of the cross section (12) In Fig. 4 , the Callan-Gross ratio is depicted at z = 1/2,
where it predicted to be maximal within pQCD. Note however that the gluon polarization can, in principle, be determined experimentally from measurements of the q 
We conclude that the Callan-Gross ratio in heavy flavor leptoproduction is predicted to be large and very sensitive to the contribution of linearly polarized gluons in unpolarized proton. For this reason, this observable can be good probe of the gluonic counterpart of the Boer-Mulders function, h ⊥g 1 (ζ, q 2 T ). 5 Due to confinement, the heavy quark momenta can be determined/reconstructed from data with an accuracy not better than O Λ QCD . For this reason, too small values of | q T | ∼ Λ QCD seem to be inaccessible.
Conclusions and Outlook
In this paper, we study the Callan-
as a probe of the linearly polarized gluon density, h
is the longitudinal (transverse) component of the differential cross section of the γ * N → QQX process. We found that the maximal value of the ratio R allowed by the photon-gluon fusion with unpolarized gluons (i.e. when h ⊥g 1 = 0) is large, about 2, at LO in QCD. Our analysis shows that the quantity R is very sensitive to the contribution of h
In particular, the upper bound on the Callan-Gross ratio in presence of the linearly polarized gluons is Physically, our main observation can be formulated as follows. When a linearly polarized gluon interacts with transverse virtual photon, the heavy-quark production plane is preferably orthogonal to the direction of the gluon polarization. On the contrary, the longitudinal component of the cross section g ↑ γ * → QQ takes its maximum value when the momenta of emitted quarks and the gluon polarization lie in the same plane. Moreover, the longitudinal cross section vanishes in the case when the gluon polarization is orthogonal to the heavy-quark production plane.
We conclude that the ratio R = d 3 σ L /d 3 σ T in heavy-quark pair leptoproduction could be good probe of the linear polarization of gluons inside unpolarized nucleon.
Our analysis of the ratio R is performed at LO in QCD. Unfortunately, radiative corrections to the process γ * g ↑ → QQ (i.e. with linearly polarized initial gluons) are presently unavailable.
The exact next-to-leading order (NLO) corrections to heavy flavor electroproduction with unpolarized initial states (quarks and gluons) have been computed in Ref. [15] . As was noted in [16, 17] , the Callan-Gross ratio in heavy-quark leptoproduction is sufficiently stable under these corrections. In particular, large NLO contributions to the cross sections σ L and σ T cancel each other in their ratio
2 ) with 10% accuracy in the energy range x > 10 −4 . For this reason, it is of special interest to calculate the exact NLO corrections to QQ leptoproduction for the case of linearly polarized initial gluons within the TMD factorization scheme. Perhaps, these (potentially large) contributions will also cancel each other in the ratio R.
As to the higher order contributions, they are usually estimated with the help of so-called soft-gluon resummation at energies not so far from the production threshold. Soft-gluon (or threshold) resummation for heavy flavor production in DIS with unpolarized and longitudinally polarized initial states has been performed in Refs. [18] and [19] , respectively. Resummations of soft-gluon logarithms for the azimuth-dependent and longitudinal DIS cross sections (with unpolarized initial states) have been performed in Refs. [20] and [16] , correspondingly. As was shown in [16] , large soft-gluon contributions to the cross sections σ L and σ T cancel each other in their ratio
2 ) with an accuracy less than few percent at moderate Q 2 m 2 in the energy range x > 10 −3 . For this reason, soft-gluon resummation for the DIS cross sections with linearly polarized initial gluons within the TMD factorization scheme seems to be especially important. Possible cancellation of soft-gluon contributions of both unpolarized and linearly polarized gluons in the ratio d 3 σ L /d 3 σ T would provide us an ideal, perturbatively stable observable for disentanglement of f g 1 and h ⊥g 1 . Note also that the quantity R is sensitive to resummation of the mass logarithms of the type α s ln Q 2 /m 2 [21, 22] . For this reason, it seems to be good probe of the perturbative heavy-quark densities in the proton [17, 23] .
Concerning the experimental aspects, the quantity R in charm and bottom production can be measured at the proposed EIC [24] and LHeC [25] colliders. Presently, the Callan-Gross ratio in heavy-quark electroproduction is practically unmeasured. Disentanglement of σ T and σ L (and, correspondingly, determination of the ratio R) requires a precise measurement of the y dependence of the DIS cross section, σ ∝ (σ T +εσ L ), where ε = 2(1−y) 1+(1−y) 2 . Unfortunately, both ZEUS and H1 experiments at DESY have not been able to provide precise results on σ L . The reason is that data collected at HERA have small values of y.
However, measurement of F L is included in the physics case for proposed LHeC [25] . Designed LHeC luminosity and kinematic range will exceed the HERA values by a factor of thousand and twenty, respectively. Moreover, some principal improvements of the detector are planned which will allow to reach highest values of y at much reduced background. (For more details, see review [26] .) For this reason, one can hope that the LHeC (and EIC) will lead to the first precision measurement of F L and R. 6 
